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Abstract. We study the dynamics of h-BN monolayers by first performing ab-
initio calculations of the deformation potential energy and then solving numerically a
Langevine type equation to explore their use in non-linear vibration energy harvesting
devices. An applied compressive strain is used to drive the system into a non-linear
bistable regime, where quasi-harmonic vibrations are combined with low frequency
swings between the minima of a double-well potential. Due to its intrinsic piezoelectric
response, the non-linear mechanical harvester naturally provides an electrical power
that is readily available or can be stored by simply contacting the monolayer at its
ends. Engineering the induced non-linearity, a 20 nm2 device is predicted to harvest
an electrical power of up to 0.18 pW for a noisy vibration of 5 pN.
Piezoelectric monolayers as non-linear energy harvesters 2
Two-dimensional materials, such as graphene and other monolayer systems [1]
exhibit many properties that render them promising candidates for electromechanical
actuation [2]. Suspended nanostructures that combine a low mass density and relatively
large areas seem to be ideally suited for the harvesting of mechanical vibrations and
other energy sources that are freely available [3, 4]. Harmonic oscillators are, in most
of the cases, very good approximations of the dynamical behavior of these systems.
Nevertheless, a harmonic oscillator is very sensitive around a set of frequencies –its
resonant frequencies– but responds poorly otherwise. Unfortunately, ambient vibrations
and thermo-mechanical noise have normally a very broad frequency spectrum that
extends into the very low frequency region (typically below 100 Hz). Harmonic
oscillators that respond in such frequency range, besides being intrinsically inefficient,
would be extremely large, making their use in self-powering of small devices impractical.
To overcome this limitation, mechanical harvesters with non-linear potentials have been
analyzed and compared to linear resonators [5] as optimal alternatives when the energy
sources are stochastic and characterized by a wideband spectrum [6–8].
Following the ground-breaking work of Cottone et al. [9], in a previous study we have
shown how engineered non-linearities can increase the efficiency of ambient vibration
harvesting of a suspended graphene nanoribbon [10]. By compressively straining it,
the graphene sheet is driven into a bistable regime that maximizes the root mean
square (rms) of the displacement, thus the mechanical power. However, harvested
mechanical power is difficult to use and it is desirable to convert it into electrical
energy, which can be straightforwardly stored. Although piezoelectricity –the electrical
response to applied mechanical stress– is not one of the many outstanding properties
of graphene, non-centrosymmetric monolayers have been predicted to have remarkable
intrinsic piezoelectric coefficients [11].
In this work we discuss the nanoscale implementation of a bistable device based on
piezoelectric h-BN capable of harvesting thermo-mechanical noise and low frequency
vibrations from the environment, yielding an electrical voltage due to its intrinsic
electromechanical response. Remarkably, the generated voltage is mostly independent
of the degree of strain, as long as the resonator operates in the bistable regime.
Our device consists of a 20 nm long (17 nm suspended) single-layer h-BN subjected
to compressive strains ranging from 0 to 2 %. Upon compression the monolayer favors
two buckled ground states, symmetric with respect to the plain defined by the ideal
flat layer. A sketch of the system is shown in Fig. 1. As in our previous work [10],
we calculated the deformation potential of the vibrating system, and the changes in
induced polarization due to the mechanical deformation by means of atomistic first-
principles calculations within density-functional theory (DFT) as implemented in the
Siesta package [12]. Similarly to our previous work [10], for each value of the strain we
generate several sinusoidal deformations with an increasing amplitude and we calculate
the total energy and the polarization for each of these configurations.
To reduce the computational load, we consider the two-dimensional material, rather
than a nanoribbon with finite width. The energies quoted in the text have been obtained
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by rescaling the results obtained for the computational cell and thus neglect edge effects,
which can generate stress fields and ripples. These effects are not accounted for in our
model. However, the dynamic response of the system is not expected to qualitatively
change.
Changes in polarization are calculated using the standard Berry’s phase
approach [13]. The Brillouin zone was sampled with a grid of 1 × 14 × 1 k-points.
We used norm-conserving pseudopotentials to account for the core electrons and the
generalized gradient approximation (GGA) for the exchange-correlation functional [14].
We used a carefully optimized single-ζ polarized basis set to expand the one-electron
wave function [15]. This lighter basis set allowed us to deal efficiently with the large
number of structures involved and with the computationally intensive calculations of the
polarization, maintaining a very good accuracy (tests against a high-quality optimized
double-ζ basis set gave lattice parameter and piezoelectric constant of h-BN within 3
and 2 %, respectively).
The two minimum energy configurations that appear under compressive strain are
separated by a barrier whose maximum corresponds to the strained, flat layer (see
Fig. 2). Increasing the compression leads to higher barriers and larger separation
between the minima, as shown in the left inset (see also Ref. [10]). Notice that
Es(ε) = E(ε)|z=0− E(0)|z=0 is the energy cost of sustaining a strain ε. By performing a
similar set of calculation for tensile strains the uniaxial Young modulus can be estimated




|ε=0, where V0 is the equilibrium volume [16] (right inset of Fig. 2). We
obtain a value of 0.75 TPa, in good agreement with previous results [17].
Non-centrosymmetric planar BN sheet develops an electric dipole moment either
by (i) the applied uniaxial strain (direct piezoelectric effect, z = 0 and ε > 0), (ii) the
elastic deformation induced by the vibrating mode (flexoelectric effect, z 6= 0 and ε = 0)
or (iii) a combination of the two (z 6= 0 and ε > 0). The uniaxial strain is the
simplest of these cases: it yields an electrical polarization aligned with the straining
direction which depends linearly on the strain through the piezoelectric constant of
the material, P = αε. We have estimated this parameter by applying increasingly
higher uniaxial strains to the BN sheet and calculating the polarization, obtaining a
value of 3.085·10−10 C/m in good agreement with previously published results [18].
The situation becomes considerably more intricate when out of plane displacements are
involved. As discussed in detail by Naumov et al. [18], these configurations feature not
only a finite strain, but also a strain gradient. Therefore the polarization also includes a
flexoelectric term, beside the conventional piezoelectric response. Our numerical results
are in excellent agreement with the phenomenological expression of P induced by a
sinusoidal out-of-plane displacement of Ref. [18] (circles and continuous line in the inset
of Fig. 3, respectively). The calculated values of the polarization as a function of the
applied strain and of the amplitude of the sinusoidal vibration (symbols in Fig. 3) can
be satisfactorily fitted to a biquartic polynomial (continuous lines in Fig. 3).
We now move to the study of the dynamical behavior of the device, which is
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described by the equation of motion:
mz̈ = −∂E
∂z
− bż + F0ξ(T ) (1)
where E is the elastic (potential) energy as obtained by the ab initio calculations and
reported in Fig. 2, m is the effective mass (taken to be 0.4 times the total mass [19]),
and b is a viscous damping coefficient [20] related to the quality factor Q through
b = 2πf0m/Q. We have considered Q = 100 throughout all this work [21, 22]. F0ξ(T )
represents a random force with flat spectrum that reproduces the main characteristics
of most kinds of environmental vibrations. We take a noise intensity of 5 pN, which
suits most vibrational ambient noise [23] (for comparison, 1 pN corresponds to room
temperature pure thermo-mechanical noise).
Notice that having fitted the calculated polarizations for arbitrary compressions,
together with the generalized position z, we can also trace the dynamical evolution of the
polarization and, consequently, of the generated voltage across a load RL by solving [24]
mz̈ = − ∂E
∂z
− bż − Γ1
∂P 2Dx
∂z







where P 2Dx is the 2D polarization along x, Cp is the capacity of an infinite parallel wire
capacitor analogous to our system [25], Γ2 = w/Cp, w being the layer thickness, is the
electromechanical coupling coefficient [26] and Γ1 = Γ2/Cp. RL is taken to be 2.4 GΩ,
which is the impedance matched value that maximizes the electrical power (see below).
The device exhibit three distinct modes of operation that are summarized in Fig. 4,
where we plot z and V as a function of time (left and right column, respectively).
At zero or moderate compressive strains the BN sheet vibrate around the equilibrium
position of the unstrained system, i.e. the flat sheet, and a voltage of at most 1 mV is
generated (bottom panels). As the strain increases the two potential wells appear: the
system will vibrate around the equilibrium position of one of them, but if the barrier is
not too high it will be able to stochastically swing to the other well. When bistability
kicks in the greatly increased zrms results in a voltage which is almost one order of
magnitude larger (middle panels). Finally, for high values of the strain, the barrier will
be high enough for the system to remain trapped in one of the two minima (top panels).
Interestingly, although zrms is reduced and is even smaller than for the uncompressed
sheet, the generated voltage is of the same order of the purely bistable case (top panels).
To further investigate the evolution of the dynamics with stress, Fig. 5 shows the
rms of the generalized coordinate z and the harvested electrical power [9], Prms =
V 2rms/RL, are plotted as a function of the applied strain. Increasing the strain drives
progressively the vibrating sheet into the bistable regime, zrms goes through a steep
increase and the harvested power follows it. At ε ∼ 0.3 zrms is maximum and features a
sharp peak: slightly larger strains trap the system in one of the minima of the double-
well potential. In this regime, nonetheless, the harvested power starts to be dominated
by the polarization, which experiences very large changes even for small variations of
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the reduction in zrms. This fact has important consequences from the device design
viewpoint, because one can pursue the optimal compression ε ∼ 0.3 without risking
that small errors can suddenly drive the system into an operation regime where the
efficiency is even lower than with the unstrained sheet. When the optimal strain is
exceeded, the device progressively recovers a quasi-linear behavior with an harvested
electrical power that is still within 85% its maximum value.
We conclude by observing that the overall performance in term of energy harvesting
has two components: (i) the intrinsic properties of the material, such as the piezoelectric
coefficient or the Young’s modulus and (ii) the way the device is engineered. Although
these two components are not independent (the optimal strain, for instance, depends on
the material compressibility), it seems that other 2D materials with a larger piezoelectric
response would in principle result in more efficient harvesting. A good candidate
is MoS2, which has larger piezoelectric coefficients (in good agreement with previous
studies [11], we have obtained values of 3.87·10−10 and 3.81·10−10 C/m in the relaxed-
ion and clamped-ion frameworks, respectively, to be compared with 3.085·10−10 and
2.855·10−10 C/m for h-BN). Unfortunately, we could not observe buckling of the
MoS2 sheet, as it is much stiffer than one atom thick h-BN concerning out-of-plane
displacements. The larger piezoelectric coefficients do not compensate the lack of
bistability and at this size the choice of h-BN still pays off. For longer ribbons, currently
beyond our computational capabilities, buckling should be observed and the overall
performances of a MoS2-based harvester could probably exceed those of h-BN. More
work in this direction is needed.
In conclusions, we have shown that engineered non-linearities in piezoelectric two-
dimensional system such as monolayer h-BN can lead to sizeable energy harvesting
of ambient vibrations, thermo-mechanical and other broad band energy source freely
available. In particular, a 20 nm × 1 nm h-BN monolayer under a compressive strain
ε = 0.3 % can harvest up to 0.18 pW from a 5 pN vibration. Finally, the combination of
piezoelectric and mechanical bistability properties of the suspended BN structures can
pave the way for the future development of beyond CMOS devices that could perform
sensing, computing and transmission functions at the nanoscale in a selfpowered way.
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Figure 1. Sketch of the h-BN structure studied, highlighting the two symmetric
equilibrium configurations under compressive strain. The double-well potential is
shown on the left-hand side.
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Figure 2. Potential energy as a function of the amplitude of the sinusoidal deformation
for different values of the compressive strain ε. The position of the minima and the
height of the barrier between them are plotted in the left inset (red and black symbols,
respectively). Fits (continuous line) reveal the
√
ε and ε2 dependence of these two
quantities. Energies of the main panel are referred to the energy of the flat and
unstrained h-BN sheet. The right inset show how the energy increases upon straining,
i.e. the strain energy. Its dependence on the strain ε is used to extract the Young’s
modulus (see text).






























Figure 3. Electrical polarization as a function of the amplitude of the sinusoidal
deformation for different values of the compressive strain ε. The continuous lines are
fits of the ab-initio data to a biquartic polynomial. The inset shows the good agreement
between our calculated data (symbols) for ε = 0 and the phenomenological relation
given in Naumov et al. [18] (dashed line), where the polarization is related to the
amplitude of the sinusoidal deformation.
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Figure 4. Time evolution of the generalized coordinate z (left) and the generated
voltage V (right) in the three characteristic regimes: at no compression the single-well
potential is quasi-harmonic (bottom); a moderate strain induces the bistable dynamics
(middle); at large strains the dynamics is trapped in one of the minima of the double-
well potential (top). These simulations correspond to a 200 Å × 10 Å h-BN monolayer.
The strains applied in the middle and top panel are 0.3 and 1.0%, respectively.
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Figure 5. Root mean squares of z and of the harvested electrical power as a function
of the compressive strain ε. The sudden drop of zrms at large values of ε is balanced
by the increase in P 2Dx , thus the harvested power decreases gently after its maximum
for the optimal compression. These simulations correspond to a 200 Å × 10 Åh-BN
monolayer.
